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Abstract. A generic quartic 3- fold X admits a 7-dimensional 
family of representations as the Pfaffian of an 8 by 8 skew-symmetric 

f^ ' matrix of linear forms. This provides a 7-dimensional moduli space 

CN . M of rank 2 vector bundles on X. A precise geometric description 

of a 14-dimensional family of half-canonical curves C of genus 15 

r*n , in X such that the above vector bundles are obtained by Serre's 

construction from C is given. It is proved that the Abel-Jacobi 
map of this family factors through M, and the resulting map from 

rS^ ' M to the intermediate Jacobian is quasi-finite. In particular, every 

j^ , component of M has non-negative Kodaira dimension. Some other 

constructions of rank 2 vector bundles with small Chern classes are 
discussed; it is proved that the smallest possible charge of an in- 
stanton on X is 4. 

(N 
> 

m 

Introduction 

Q\ . This paper is a part of the study of moduh spaces of vector bundles 

^ I with small Chern classes on certain Fano threefolds. It provides some 

r^ ' non-existence results and constructions of a few moduli components of 

c^ ■ vector bundles on a quartic threefold. One of them is the component of 

kernel bundles, defined similarly to that of ||MT|| , [IM] for the case of a 



cubic threefold. Our work received a strong pulse with the publication 
of the paper of Beauville , which allowed to simplify some arguments 
used in | M'l ] and at the same time put our results in a more general 



framework of Pfaffian hypersurfaces. We also prove that there are no 
normalized rank 2 stable vector bundles on X with C2 < 4 and exhibit 
two constructions of stable vector bundles with ci = and C2 = 4. 
Only one of them provides instantons; we show in fact that all the 
instantons of charge 4 are obtained by this construction. 

In I iVri|] , it was proved that the Abel-Jacobi map of the family of 



normal elliptic quintics lying on a general cubic threefold V factors 
through a moduli component of stable rank 2 vector bundles on V 
with Chern numbers Ci = 0, C2 = 2, whose general point represents a 
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vector bundle obtained by Serre's construction from an elliptic quin- 
tic. The elliptic quintics mapped to a point of the moduli component 
vary in a 5-dimensional projective space inside the Hilbert scheme of 
curves, and the map from the moduli component to the intermediate 
Jacobian is quasi- finite. Later, in ||1A4|| , this modular component was 
identified with the variety of representations of \^ as a linear section 
of the Pfaffian cubic in P^^ and it was proved that the degree of the 
quasi- finite map is 1, so the moduli component is birational to the in- 
termediate Jacobian J^(X). Beauville mentions in ||B[ a recent work of 
Druel, yet unpublished, which proves that the moduh space My (2; 0, 2) 
is irreducible, so its unique component is the one described above. 

In the present paper, we prove that a generic quartic threefold X ad- 
mits a 7-dimensional family of essentially different representations as 
the Pfaffian of an 8 x 8 skew-symmetric matrix of linear forms. Thanks 
to 0, this provides a 7-dimensional family of arithmetically Cohen- 
Macaulay (ACM for short) vector bundles on X, obtained as the bun- 
dles of kernels of the 8x8 skew-symmetric matrices of rank 6 represent- 
ing points of X. We show that this family is a smooth open set Mx in 
the moduli space of stable vector bundles Mx(2; 3, 14) ^ Mx(2; —1, 6). 
The ACM property means the vanishing of the intermediate cohomol- 
ogy i7*(X, £:(j)) for alH = 1, 2, J e Z. 

We give also a precise geometric characterization of the ACM curves 
arising as schemes of zeros of sections of the above kernel vector bun- 
dles. According to Beauville, they are half-canonical ACM curves of 
degree 14 in P'^; we show that they are linear sections of the rank 4 locus 
Z C P(A^C'^) in the projectivized space of the 7x7 skew-symmetric 
matrices. Linear sections of Z arose already in the literature: R0dland 
[0 studied the sections P^ fl Z, which are Calabi-Yau threefolds. We 
show that such curves fill out open sets of smooth points of the Hilbert 
schemes of X (of dimension 14) and of P^ (of dimension 56), and that 
the isomorphism classes of smooth members of this family fill out a 
32-dimensional moduli component M\^ of curves of genus 15 with a 
theta-characteristic linear series of dimension 4. 

Next we study the Abel-Jacobi map of the ACM half-canonical 
curves of genus 15 in X. It factors through Mx via Serre's construction: 
the fibers over points of Mx are P^, and the resulting map from Mx to 
J^(X) is etale quasi- finite, hence its image is 7-dimensional. The role of 
the above half-canonical curves is similar to that of normal elliptic quin- 
tics in the case of the cubic threefold V , where the Abel-Jacobi map 
factors through the instanton moduli space with fibers P^ and with a 
5-dimensional image; as dim J'^{V) = 5, the image is an open subset of 
J'^{V). The result for a quartic threefold is somewhat weaker: here we 
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do not know whether the degree of the quasi-finite map is 1 and whether 
Mx is irreducible. Moreover, as 7 = dimMx < 30 = dim J^(X), we 
cannot conclude, as in the case of a cubic threefold, that the image of 
Mx is an open subset of an Abelian variety; we can only state that 
every component of it, and hence of Mx itself, has a non- negative 
Kodaira dimension. 

In Section 1, we gather preliminary results: a criterion for stability 
of rank 2 sheaves, Bogomolov's inequality, and prove the non-existence 
of normalized rank 2 stable vector bundles with small second Chern 
classes. We provide two constructions of such vector bundles for ci = 0, 
C2 = 4 and discuss the geometry of the instanton component (s). 

In Section 2, we prove that a generic quartic 3-fold is Pfaffian, in 



using the same method as was used by Adler in his Appendix to [|AR 
for a cubic threefold: take a particular quartic which is Pfaffian and 
prove that the differential of the Pfaffian map from the family of all 
the 8x8 skew-symmetric matrices of linear forms to the family of 
quinary quartics is of maximal rank. We prove also basic facts about 
Mx'- stability, dimension 7, smoothness. 

Section 3 treats half-canonical ACM curves of genus 15 on X and 
inP^. 

Section 4 applies the technique of the Tangent Bundle Sequence 
of Clemens-Griffiths ||CG|| and Welters |W[] to the calculation of the 
differential of the Abel-Jacobi map for the family of the above half- 
canonical curves C. It identifies the kernel of the differential with 
iir^(A/c'/p4(— 1))^, and we prove that it has dimension 7. 

Acknowledgements. The second author acknowledges with pleasure 
the hospitality of the Max- Planck- Inst it ut fiir Mathematik at Bonn, 
where he wrote this paper. 

1. Generalities and the case ci = 

Let X be a smooth quartic threefold. It is well known that Pic(X) 
is isomorphic to Z, generated by the class of the hyperplane section 
H, and the group of algebraic 1-cycles modulo topological equivalence 
is also isomorphic to Z, generated by the class of a line I <Z X. For 
two integers fc, a, we will denote by Mx(2;fc, a) the moduli space of 
stable rank 2 vector bundles £ on X with Chern classes Ci = k[H] and 
C2 = a\f\. We will often identify the Chern classes with integers in 
using the generators [H], [/] of the corresponding groups of algebraic 
cycles. We have [Hf = 4[/]. 

By the definition of the Chern classes and by Riemann-Roch- Hirze- 
bruch, we have for £ G Mx(2; fc, a): 
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ci{£{n)) = ci{£) + 2n[H] = {k + 2n)[H], C2{S{n)) = C2{S) + 
n[H]ci{£) + n^[H]^ = {a + Akn + An'^)[l], x(^) = l^^ - \ka + k^ - 
ia + |fc + 2 . 

A rank 2 torsion free sheaf £^ on X is normalized, if Ci{S) = k[H] 
with k = OT k = —1. We can make S normahzed in replacing it by a 
suitable twist £{n). If S is locally free, we have £^ = £ ® (detf^)^"'^, so 
that 8 is self-dual when fc = 0. 

The following lemmas are well known: 

Lemma 1.1. Let £ he a normalized rank 2 reflexive sheaf on a non- 
singular projective variety X with Pic(X) ^ Z. Then it is stable if and 
onlyifh^{£) = 0. 

Proof. Any saturated torsion free rank 1 subsheaf of £ is invertible of 
the form Ox{fn) and gives an exact triple 

— >Ox{m) — >£ — >Xz{k - m) — >0 , (1) 

where Z is a subscheme of X of codimension 2. The triple breaks the 
Gieseker stability of £ if and only if ?7i > 0. 

If we assume that £ has global sections, then there exists a triple 
(|l|) with m = 0, hence £ is not stable. If we assume that £ has no 
global sections, then in any triple (|ID for £, we have m < 0, because 
h^{£) > h^{Ox{m)). Hence £ is stable. D 

Lemma 1.2. Let J-" be a rankr semistable reflexive sheaf on X. Then 
(2rc2(J^) - (r - l)cl{£)) ■ H > 0. If r = 2 and J^ is stable, then the 
inequality is strict. 

Proof. This is Bogomolov's Theorem, proved by him for T-(semi)stable 



sheaves [po| . For another approach to the proof and for relations be- 



tween different notions of (semi)stability, see e. g. |Ko| ]. D 



Proposition 1.3. Let X be a smooth quartic threefold. Then the fol- 
lowing statements hold: 

(i) Mx{2; 0,a) = for all odd a and for a <2. 

(ii) Mx{2] -1, a) = fora< 3. 

Proof. The case of odd a in (i) follows trivially from Riemann-Roch- 
Hirzebruch: we have x(^) = 2 — |a;. For the remaining cases, the 
proof goes exactly as in P-MR|| . The first step is to show that if 
Mx{2] e, a) ^ (e = 0, -1), then h^{£{l)) ^ for all £ G Mx(2; e, a). 
The second step is to verify that there are no curves on X that might 
be zero loci of sections of £^(1). 

So, let £ e Mx(2; e, a), e = 0, -1, a < 2-e. Assume that h^{£{l)) = 
0. By Serre duality, h^{£{l)) = h^{£{e - 2)) = 0. Hence h"^ {£{!)) > 



X(^(l)). We have x(^(l)) = 10 - fa if e = and x(^(l)) = 6 - a 
if e = -1. Hence dimExt^(^, 0(-2)) = h\S^{-2)) > 0, and there 
exists a non-trivial extension of vector bundles 

— >Ox{-2) ^^ T — >E — >0 . (2) 

We have A(J^) = {cx{Tf - 'ic2{T))H = 16 - 3a > if e = and 



A(jF) = 12 — 3a if e = —1, so T is unstable by Lemma [T]^. To 
fix ideas, restrict ourselves to the case e = 0, the other case being 
completely similar. 

The unstability of T can manifest itself in two ways: either JF con- 
tains a rank 1 saturated subsheaf Oxin) with n > ci(jF)/ rkjF = —2/3, 

or there exists a non-trivial morphism of sheaves JF — > Ox{n) with 
n < ci(JF)/rkjF. In the first case, n > 0, hence hP{T) ^ 0, hence 
h^{£) 7^ 0, and this contradicts the stability of £. 

In the second case, n < —1. If tt, < —2, then (pa = and (p descends 
to a non-trivial morphism S — >Ox{n), which contradicts the stability 
of S. Hence n = —1 or —2. It cannot be —2, because otherwise the 
extension (^) would be split. So n = —1 and we obtain the exact triple 

— >J^' — ^^ ^ Iz{-1) — >0 , 

in which JF' is a refiexive rank 2 sheaf. We have Ci(JF') = — [i/], 
C2(^') < C2(J^)-Ci(J^')ci(Cx(l)) = (a-4)[/] < 0, hence J^' is unstable 
by Bogomolov's inequality. By Lemma |1.1| , h^{J^') ^ 0, which implies 
h^{J-') 7^ and hence h^{£) ^ 0. This contradicts the stability of £. 

Thus we have proved hP{8{l)) ^ 0. As PicX = Z, the scheme 
C = Cs of zeros of a non-trivial section s of £^(1) is a 1. c. i. of pure 
codimension 2. Hence £{^) fits into the following exact triple 

O^Ox ^- ^(1)— Jc(2)^0 . (3) 

We have [C] = (4 + «)[/], uoc = Oc{l), 2p„(C) - 2 = 4 + a. It remains 
only to verify the case of a = 2. We have PaiC) = 4 and C is embedded 
into P^ by a subsystem of the canonical system. The exact triple (|]), 
twisted by Cx (— 1), implies that C is not contained in a hyperplane. 
Hence C is not connected. It cannot be a union of more than one 
connected components either, because at least one of them should be 
of degree < 3 and hence uc cannot be ample. 

The proof is completed in a similar way in the case k = —1. D 

For A; = 0, we have proved that there are no stable rank 2 vector 
bundles with a < 4. However, they do exist for a = 4. Indeed, as- 
suming that h^{S{l)) 7^ 0, we find only two possibilities for the zero 
locus C af a non-trivial section of £^(1): either C is a canonical curve 
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of degree 8, or the union of two canonical curves of degree 4 which 
spans P^ (including the non-reduced limits of such curves). In the first 
case, standard calculations show that the generic quartic contains an 
S-dimensional family of such curves C. Only in this case the vector 
bundle £ has natural cohomology, that is, for every t, h^{S{t)) ^ 
for at most one value of i. It is reasonable to call instantons the sta- 
ble vector bundles with natural cohomology, such that ci{£) = and 
the instanton condition h^{S{—2)) = is verified. Thus we have the 
following statement: 

Proposition 1.4. (i) On any smooth quartic threefold X , there is an 
irreducuble component M^ of Mx{'2] 0, 4) which parametrizes the vector 
bundles obtained by Serre's construction from the curves C = Cf L\ 
C2, where Cf are plane sections of X . These vector bundles satisfy 
h^{S{l)) = 1, hence they are not instantons. 

(a) Let C be a smooth complete intersection of 3 quadrics in P^. 
Then there exists a smooth quartic threefold X containing C, and the 
vector bundles on X obtained by Serre's construction ([^ from the 
curve C and from its generic deformations in X sweep out a com- 
ponent M\{C) o/Mx(2;0,4), different from Mx- The vector bundles 
£ G MxiC) are instantons. 

(Hi) Let X be a smooth quartic threefold. Then any component M 
ofMx{2;0,4:), such that /i°(^(l)) ^ for some S e M, is one of the 
above components M^, M^(C). 



Remark 1.5. Let Cg{X) be the 8-dimensional family of curves C on 
the general X = X4 as in Proposition [1.4|, (ii), and let f 2 : X ^ 
P^^ be the Veronese map. For C G Cg{X), one can see that the 
11-space P^^(C) =< V2{C) >C P^"^ lies in a unique rank 6 quadric 
Q = Qc 3 V2{X). Indeeed, if C is the intersection of three quadrics 
gj = (i = 1, 2, 3), then the equation of X can be written in the form 
'ii{.x)'ii{x) + <l2{.x)q2{x) + q'i{x)q'i{x) = 0, which provides the rank 6 
quadric Q = {lili + I2I2 + ^3^3 = 0}, where /j,/j are the linear forms 
in the Veronese embedding corresponding to the quadratic forms qi^qi- 
It is a degenerate cone whose ridge is P^, the kernel of the quadratic 
form, and whose base is G, a non-degenerate 4-dimensional quadric 
in P^. The curves Cg of zeros of sections s G -^"(£^(1)) form a projec- 
tive space P^, naturaly identified with one of the two P^'s parametrizing 
projective 2-planes {l[ = ^2 = ^3 = 0} in G, the equations of Cg being of 
the form (?i = ^'2 = (Js = 0, where q[ correspond to l[ under the Veronese 
map. The above P"*^^ is the cone over this P^ with "vertex" P*. 
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Let Ac = {Pj^ : t G P3} be the ruling of Qc defined by V^^{C) G A, 
P^^(C) = P^^. Then the sections of EciX) are exactly the curves 

Ct = Pl^ n V2{x) c V2{x) = X, t G p3, c = Co. 

Thus we can represent Mj^, the union of the 5- dimensional compo- 
nents Mx{C) of Proposition L4, as the variety Dq{v2{X)) := { the 



P^^'s contained in some rank 6 quadric Q D V2{X) }, which is, in its 
turn, the double cover of the family Dq{v2{X)) := {the rank 6 quadrics 

Q 3 V2{X) }. 



Remark 1.6. According to | Tyu | , (3.1.45), the virtual dimension of 
Mx(2;0,2) is 1, so one could expect a curve of isomorphism classes 
of stable vector bundles with ci = 0, C2 = 2. But we have proved that 
Mx(2;0,2) is empty, providing thus one more example of a situation 
when dimension is different from the virtual one. 

Remark 1.7. For k = —1, we leave open the cases of a = 4,5. We 
construct in what follows a 7- dimensional component, or a union of 
7-dimensional components of Mx(2;— 1,6) (we do not approach the 
question on the number of these components). 

2. Generic quartic 3-fold is Pfaffian 

Let E be an 8-dimensional vector space over C. Fix a basis eo, . . . ,67 
for E, then Cij = Cj A Cj for < i < j < 7 form a basis for the Pliicker 
space A'^E. Let Xij be the corresponding (Pliicker) coordinates. The 
embedding of the Grassmannian G = G(2, E) in P^'' = ¥{a'^E) is 
precisely the locus of rank 2 skew symmetric 8x8 matrices M with 
elements Xij above the diagonal. Let G C f2 C H C P^^ be the filtration 
of P27 by the rank of M, that is fi = {M | rkM < 4}, S = {M | 
rkM < 6}. Then G, fi \ G, S \ fi and P^^ \ E are orbits of PGL{8), 
acting via A^ of its standard representation (see e. g. ||SK|| ), and we 
have G = Singil, diniG = 12, f2 = SingS, dimfi = 21. S is defined 
by the quartic equation Pf (M) = 0, where Pf stands for the Pfaffian 
of a skew-symmetric matrix. We will call S the Pfaffian hypersurface 

of P27. 

Let H C P^^ be a 4-dimensional linear subspace which is not con- 
tained in S. Then the intersection HnS will be called a Pfaffian quartic 
3-fold. As codimg Q = 5, the linear section H HE is nonsingular for 
general H. Suppose that a quartic 3-fold X C P'' has two different 
representations 0i : X — > HiH'E., (j)2 '■ X — f H2r\'E as linear sections 
of S. We will call them equivalent if 02 ° <Pi^ is the restriction of a 
transformation from PSL{8). 
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Proposition 2.1. A generic quartic 3-fold admits a 7 -parameter fam- 
ily of non- equivalent representations as linear sections of the Pfaffian 
hypersurface in P^'''. 



Proof. We are using the same argument as that of |AK| | , Theorem 
(47.3). The family of quartic 3-folds in P^ is parametrized by P^^, 
and that of the Pfaffian representations of quartic 3-folds by an open 
set in the variety Lin(P^,P^''') of linear morphisms between the two 
projective spaces. So, we are going to specify one particular quar- 
tic 3-fold Xq = {Fq = 0} which admits a Pfaffian representation 
Fo = Pf(Mo), then we will show that the differential of the map 
/ : Lin(P'^,P^'') ---> P^^ at Mq is surjective, and this will imply that / 
is dominant. 
Let 
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Pf (Mo) = xfx2 — xfxs + xlx3 — a;iX2x| — xixlx^i + 0:^X3X4 -|- 



X1X2X3X4 + X3X4 — xfxl + X1X2X4 + xf X5 — xf X2X5 — X1X2X5 — X^XsXs + 
X1X3X4X5 -|- X2X3X4X5 -|- xfxs + X2X3X5 — X1X4X5 + X1X5. 

A point M e Lin(P^, P^^) is the proportionality class of an 8 x 8 skew- 
symmetric matrix of linear forms lij and is given by its 5 ■ 28 = 140 
homogeneous coordinates (ajj^) such that kj = J2k ^ijk^k (0 < i < j < 
8,1 < A; < 5). We have df{M)/daijk = XkPiij{M), where Pfij{M) 
denotes the Pfaffian of the 6x6 matrix obtained by deleting the i-th 
and the j-th rows and the i-th and the j-th columns of M. 

Computation by the Macaulay 2 program ||GS|| shows that, for the 
above matrix Mq, the 140 quartic forms Xk Pfij(Mo) generate the whole 
70-dimensional space of quinary quartic forms, hence / is of maximal 
rank at Mq. One can also easily make Macaulay 2 to verify that Xq is 
in fact nonsingular, though this is not essential for the above proof. 

It remains to verify that the generic fiber of the induced map 
/ : PGL(5)\Lin(F^p27)/pGi:(8) -^ PGL{5)T' is 7-dimensional. 
By counting dimensions, one sees that this is equivalent to the fact 
that the stabilizer of a generic point of the Grassmannian G(5, 28) = 
PGL(5)\Lin(P^P^^) in PGL{8) is 0-dimensional. 



Take a generic 4-diniensional linear subspace H C P^^. Then the 
quartic 3-fold X = //flH is generic, and hence Aut(X) is trivial. Thus 
the stabilizer Gh of H in PGL{8) acts trivially an X, and hence on 
H. This implies the triviality of Gh by (5.3) of @]. D 

Let now /C be the kernel bundle on S whose fiber at x G S is kerx. 
Thus /C is a rank 2 vector subbundle of the trivial rank 8 vector bundle 
E^ = E^cO^ over Sq = H\i7. Let : X — >Hr\S be a representation 
of a nonsingular quartic 3-fold X C P^ as a linear section of S. Giving 
(j) is equivalent to specifying a skew-symmetric 8x8 matrix M of linear 
forms such that the equation of X is Pf(M) = 0. Such a representation 
yields a rank 2 vector bundle £ = £^</, on X, defined by £^ = 0*/C. 
According to 0, Proposition 8.2, the scheme of zeros of any section 
s 7^ of £^ is an arithmetically Cohen- Macaulay (ACM) 1-dimensional 
scheme C of degree 14, not contained in any quadric hypersurface and 
such that its canonical bundle uc — Oci^). Varieties satisfying the 
last condition are usually called half-canonical. Moreover, S is also 
ACM and has a resolution of the form 

— yOp4{-lf ^ 0^4 — >S — ^0 (4) 

This implies in particular that two Pfaffian representations 0i,02 are 
equivalent if and only if the corresponding vector bundles 81,82 are 
isomorphic. By (8.1) ibid., 8 can be given also by Serre's construction 
as the middle term of the extension 

0-^Ox-^8^Ic,x{S)^0 , (5) 

where Tc,x denotes the ideal sheaf of C in X. Thus, the following 
assertion holds. 

Corollary 2.2. A generic quartic 3-fold X C P^ has a 7-dimensional 
family of isomorphism classes of rank 2 ACM vector bundles 8 with 
det8 ~ 0{3) and h^{8) = 8 which are characterized by either one of 
the following equivalent properties: 

(i) 8 as a sheaf on P^ possesses a resolution of the form ^) with a 
skew- symmetric matrix of linear forms M; 

(a) the scheme of zeros of any section s ^ of 8 is an ACM half- 
canonical curve C of degree 14 and arithmetic genus 15, not contained 
in any quadric hypersurface in P^; 

(Hi) 8 can be obtained by Serre's construction from a curve C d X 
as in (a). 

In fact the vector bundles under consideration are stable, so the 
above 7-parameter family is a part of the moduli space of vector bun- 
dles. 
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Theorem 2.3. Let X be a generic quartic 3-fold and Mx(2;— 1,6) 
the moduli space of stable rank 2 vector bundles Q on X with Chern 
classes ci = —[H],C2 = 6[l], where [I] G H'^{X,Z) is the class of a line. 
Then the isomorphism classes of the ACM vector bundles of the form 
Q = £{—2), where S are vector bundles introduced in Corollary \2.2^ 
form an irreducible open subset Mx of dimension 7 in the nonsingular 
locus of Mx {2; -1,6). 

Proof. Stability. If S is given by the extension (^, then twisting by 
Ox{-2) and using h^{Ic,x{k)) = for fc < 2 ((ii) of Lemma_P3), we 
see that h^{£{—2)) = 0. The stabihty follows from Lemma p..l[ 

Smoothness and dimension. The stability implies that S is simple, 
that is /i°(£:^ ®S) = 1. Hence the tangent space T[£:]Mx(2; 0, 2[/]) at 
[S] is identified with Ext\S,S) = H\X,S'' ® S), and if H^{X,S'' ® 
£) = 0, then Mx(2;0,2[/]) is smooth at [S] of local dimension 
dim[^] Mx{2; 0, 2[/]) = h\S'' ® S). 

As rk£^ = 2, we have S"^ ^ S ® (det Sy^ ~ ^(~3). By Serre duality, 
h^{g-^S) = h^S'^^Si-l)) = 0. By (§, /i°(^(-3)) = x(^(-3)) = 0. 
Together with the ACM property for S this gives h^{S{—3)) = for all 
2 G Z. Now, from @ tensored by £^(—3), we obtain the isomorphisms 

W{S^ 0S) = H'{S^S{-3)) = H'{S®Ic) ViGZ. (6) 

Further, the restriction sequence 

— >S(g)Ic — >S — >S\c — ^0 (7) 

yields xi^ ® ^c) = xi^) " xi^lc) = 8 — 14 = —6, so to finish the 
proof, it remains to prove the vanishing of h'^{S ®1c). By Q, (8.9), 
the vanishing of h^{£nd q{£)) follows from the fact that the map /, 
introduced in the proof of Proposition |2.1| , is dominant. Ash'^{Ox) = 0, 
we have = h'^{£ndQ{£)) = h'^{£nd {£)) = h'^{£ ®Tc), and we are 
done. n 

3. Curves of degree 14 and genus 15 in P'^ 

Let X = {F = 0}bea generic quartic 3- fold in P^, and X = iJ fl S 
(so, the P^ is identified with H) a Pfaffian representation for X. For 
the sake of functoriality, we should have defined S as embedded in 
P(A^(£'^)), so that the points x G X be interpreted as alternating 
bilinear forms of rank 6 on E, whilst G = G{2, 8) C P(A^i5); to avoid 
this dichotomy we will work in coordinates, identifying E with E'^ . Let 
£ be the corresponding rank 2 vector bundle and C the scheme of zeros 
of a section s 7^ of £^. Let -^14,15, resp. -ff{^ 15 denote the union of 

the components of the Hibert scheme of curves in P*^, resp. X whose 

10 



generic points represent a curve C as above. For generic s, the curve 
C is nonsingular. 

Similarly to the previous section, introduce the rank filtration on the 
7x7 skew-symmetric matrices: G' = G{2, 7) C Z C P^o = P(a2(C^)). 
According to 0, we have dimG" = 10, degG' = 42, uc = Og'{-7), 
dimZ = 17, degZ = 14, uz = Ozi-U). G' will be identified with a 
subvariety of G for the standard inclusion C^ C C®. 

Proposition 3.1. The following assertions hold: 

(i) h^{Nc/x) = 14, h^iMc/x) = 0. Hence ifj^^g is smooth at [G] of 
local dimension 14. 

(a) h^{Afc/pi) = 56, /i^(A/(7/p4) = 0. Hence -^14,15 is smooth at [G] 
of local dimension 56. 

(Hi) G can he identified with a section of the rank 4 locus Z of7x7 
skew- symmetric matrices by a 4- dimensional linear subspace L C P^°. 

Proof, (i) The restriction sequence (0) yields h'^{S ®Tc) = h^{S\c)- 
We proved in Theorem ^]3| the vanishing of h'^{S ^ Ic)- As G is the 
scheme of zeros of a section of £^, we have S\c — J^c/x- So, we obtain 
h^{Mc/x) = 0. By Riemann-Roch, h^{Afc/x) = 14 and we are done. 

(ii) We have h^i^Nc/x) = 0. We are going to show that this implies 
h^{Nc/w^) = 0. First, by Serre duality, = h^i^fc/x) = /i°(A/'^/^(2)). 
From the restriction sequence 

0^Ic,x{2)-^Ox{2)^Oc{2)^0 

and from the fact that uq = Oc{2), we deduce that h^(2c,x{'^)) = 0. 
Now, the exact triple 

0^ll^(2)^Ic,xm^K/xi'^)^0 
yields h\I^xi^)) =0- The ACM property for G and 

— >Ic,pi{-2) — > J^p4(2) — ^IfjxC^) — ^0 
imply /i^(J^,p4(2)) = 0. Now, the triple 

— >Ic,¥^ (2) — ^^c,p4 (2) — >A/'(X_p4 (2) — >0 
and the Serre duality give h°{X^./pi{2)) = h'^{N'c/n) = 0. By 
Riemann-Roch, h^{Mc/¥*) = 56. 

(iii) The sections of S are naturally identified with elements of E'^ via 
the embedding of S into the trivial rank 8 vector bundle Ex = E® Ox ■ 
Let CI : H \ Q — >G = G{2, 8) be the classifying map, sending each 
a; G S \ f2 to the projectivized kernel of x, considered as a point of G, 
and Clx the restriction of CI to X. We can choose the coordinates in 
E in such a way that s = x-j. Hence G = Cl^^(aii(P^)), where P^ is 
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the hyperplane {xr = 0} in P^ = F{E), and aii{F^) = G' C G is the 
Schubert subvariety of all the lines contained in the hyperplane. We 
can also write G = Cr\G') n H. The closure of the 24-fold Cr\G') 
in S is defined by the 7 cubic Pfafiians Pir7{x), < r < 6. 

As cubic forms, the Pfaffians Pfr7(x), < r < 6 do not depend on 
the variables Xp7, < p < 7. Therefore CP (G") is isomorphic to the 
cone G{Z) with vertex (or ridge) P =< Coy, ..., eg? > and base 

Z = {x' : Pfo7 x' = ... = PfsT x' = 0} C P(a2 < cq, ..., eg >); 
here x' = (xpg)o<p.g<6 is the 8-th principal adjoint matrix of the matrix 
X, i.e. x' is obtained from x by deleting its last column and row. It is 
well known that the vanishing of the principal minors of order 2n of a 
skew-symmetric {2n + l) x (2n-|-l) matrix is equivalent to the vanishing 
of all its minors of order 2n, so Z is the locus of 7 x 7 skew-symmetric 
matrices of rank 4. The projection vr : P^^ ---> P^° with center P maps 
isomorphically (for generic H) the intersection H fl G{Z) to L (1 Z, 
where L = 'i^{H). This ends the proof. D 

Let J^g denote the moduli space of smooth curves of genus g and 
A^g the subvariety of M.g parametrizing half-canonical curves with a 
theta-characteristic D such that dim \D\ = r. 

Corollary 3.2. The following assertions hold: 

(i) -f/^14,15 is irreducible of dimension 56. 

(ii) For generic C G Lin(P^,P^°), the stabilizer of C in PGL{7), act- 
ing on the right, is finite, and the natural map Lin(P^, P^°)/PG'L(7) --^ 
-f^i4,i5 ^^ generically finite. 

(Hi) The natural map g : PG'L(5)\Lin(JP"^'JP^°)/PGL(7) --^ Mf^ is 
generically finite and its image is a 32-dimensional irreducible compo- 
nent J^f^ of Mf^. 

Proof, (i) Indeed, -ff 14,15 is the image of Lin(P'^,P^°). 

(ii) This follows from the count of dimensions: dimLin(P^,P^°) — 
dimPGL(7) = (5 ■ 21 - 1) - (7^ - 1) = 56 = dimiJu^ig. 

(iii) According to Harris Q, if r < ^{g — 1), then the codimension 
of any component of TVI^ in Alg is at most |r(r + 1). Applying this to 
our case, we see that the dimension of every component of Mf^ is at 
least 32. Hence the component y\?l ^5, containing the image of -^14,15, is 

of dimension > 32. The dimension of PG'L(5)\^^^(^^'-'^^°)/PGL(7) is 
32, so it remains to show that g is dominant over A^ ^5. 

Take a generic G from the image oi g. C is a smooth ACM curve in 
P^. By the definition oi Ai^ , every small (analytic or etale) deformation 
of G is accompanied by a deformation of the theta-characteristic D 
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embedding C into P^. The ACM property being generic, any generic 
small deformation of C is again in the image of g, and we are done. D 

Remark 3.3. In (ii) of the lemma, the stabilizer Gc of C might act 
by non-trivial automorphisms of C . As Aut(C) is finite, the subgroup 
He fixing pointwise C, and hence L = £(P'^), is of finite index in Gc- 
So, the first assertion of (ii) is equivalent to saying that He is finite. 
One can strengthen this assertion: the subgroup of PGL{2n+ 1) fixing 
pointwise a generic linear P^ C P(A^C^"+^) for n > 2 is finite. This is 
easily reduced to the 2n-dimensional case, stated in |B|, (5.3). 

Proposition 3.4. Let -ff ^ 15 C i^i^ 15 be the locus of ACM half- 
canonical curves G d X of degree 14 and arithmetic genus 15, not 
contained in any quadric hypersurface in P^, and Mx C Mx(2;0,2[/]) 
the open set defined in Theorem ^7B. Then the Serre construction de- 



fines a morphism (p : -n j^ -^^ — ^Mx with fiber F'^ . Moreover, -ff j^ -^^ is 
isomorphic locally in the etale topology over Mx to a projectivized rank 
8 vector bundle on Mx- 

Proof. It is easily seen that dim Ext ^(Xc (3), Ox) = 1, so, given G, the 
Serre construction determines S uniquely. This yields as a set the- 
oretic map. An obvious relativization of the Serre construction shows 
that it is indeed a morphism. 

Further, we have h'^{£ ® Tq) = 1 by stability of £ and (|^), so the 
projective space P^ = F{H^{£)) is injected into H^^ ^^ by sending each 
section s 7^ of £^ to its scheme of zeros. Hence the fibers of are 
set-theoretically 7-dimensional projective spaces. The proof of the last 
assertion of the proposition is completely similar to that of Lemma 5.3 
in \WTt- □ 



4. Abel-Jacobi map 

We are going to remind briefly the Clemens-Griffiths technique 
for the calculation of the differential of the Abel-Jacobi map, fol- 
lowing Welters [^, Sect. 2. Let X be a nonsingular projective 



3-fold with h^^ = 0, and X G W an embedding in a nonsingu- 
lar possibly non-complete 4-fold. Let $ : B — >J'^{X) be the Abel- 
Jacobi map, where B is the base of a certain family of curves on 
X. The differential d^^z] at a point [Z] G B, representing a curve 
Z, factors into the composition of the infinitesimal classifying map 
Ts^b — ^H^{Z-,Mz/x) and of the universal "infinitesimal Abel-Jacobi 
map" ^z - H\Z,Mz/x)-^H\X,n\y = Tj^^x),o. The adjoint ^z is 
identified by the following commutative square: 
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H\XMx/w®^x) -^^ H\x,n 



rz 



H%Z,Afx/w®u;x\z) -^ H%Z,Afz/xy- 

Here rz is the map of restriction to Z, and the whole square (upon nat- 
ural identifications) is the H^ —>■ H^ part of the commutative diagram 
of the long exact cohomology sequences associated to the following 
commutative diagram of sheaves: 

i i i (9) 

-^ ^x'^J^z/x -^ n\»J\fz/w -^ 0.\(^Nx/w®Oz -^ 

Specifying all this to the case when X is a generic quartic 3-fold, Z = 
C G X a generic curve from H^^ ^^,W = F'^,'we see that the dimensions 

in (P) form the array I J , that R, re are surjective and that 

corank/^c* = corank-?/;^ = /i^(A/c'/p4(— 1)). Dualizing, we obtain: 

Lemma 4.1. For C,X as above, dimker-^c = h^{M'c/t"i[~l)), 
dimim?/'c = 14 - /i^(A/'c/p4(-l)). 

We have x(A/'c/p4(-l)) = 14, hence /i°(A/'c/p4(-l)) = 14 + 

h\Afc/A-'^))- 

Lemma 4.2. /i°(A/'c/p4(-l)) = 21. 



Proof. Twisting the 4 exact triples in the proof of Proposition 34. by 
(9(1), one can see that the assertion is equivalent to 

/i^(T^p4(3)) = 21 , /i*(J^p4(3)) = V 1^2. 

The last equalities follow immediately from the resolution for 2^p4(3), 
obtained from (4) of by restriction to L = P^ C P^ and twisting by 
0(3): 

-^ 21Cp4(-5) -^ 48Cp4(-4) -^ 28Cp4(-3) -^ Ic,A^) ^ 0. 

D 

Remark 4.3. One can interprete the elements of if°(A/'(7/p4(— 1)) as in- 
finitesimal deformations of C preserving 14 points of some hyperplane 
section S = C H h oi C. It is easy to understand this value geo- 
metrically in constructing explicitly a 21-dimensional family of global, 
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non-infinitesimal deformations of C which preserve S; one can show 
that every 1-parameter infinitesimal deformation lifts to a global one 
at list for generic C, h. 

Indeed, lift C to an element A G Un{F^,F'^^), C = A~\L n Z), 
L = A{F^). The ACM property of C implies that S spans h, so the set 
U of global deformations A' of A such that S C C = A''\A'{F'^) n Z) 
are exactly the elements A' with the property A\h = A'\h. Iden- 
tify Lin(P^,P^°) with the open subset of the Grassmannian ^(5,26) 
parametrizing the graphs of the linear injective maps from C^ to C^^. 
The graphs of the above elements A' correspond to those 4-dimensional 
planes in P^^ which contain a fixed P^, the graph of A\h. Thus U is 
identified with an open subset of P^^ C G{5, 26). 

We can assume A, C, h generic, so that A{h) is a generic linear P^ in 
P^°. The ACM property for C implies that the 14 points S are in a suffi- 
ciently general position, so that the stabilizer of S in PGL{A) = Aut(/i) 
is finite, and the subgroup fixing S pointwise is trivial. This observa- 
tion and Remark ^]3| imply that the stabilizer of A{h) in PGL{7) is 
finite. Hence the orbits of PGL{7) have only finite intersections with 
U. Hence the map of U to the quotient by PGL{7) is quasi-finite, as 
well as that to -^14,15, and its differential is injective at (a generic) A. 

We have obtained a 21-dimensional family of global deformations of 
C preserving S. Now we want to show that any 1-parameter infinites- 
imal deformation of C can be lifted to a global 1-parameter one in the 
image of U. Indeed, the injectivity of the differential allows to lift the 
infinitesimal deformation to U. An element of f/ is a proportionality 
class of a 5 X 21 matrix, and U is an open subset in a linear P^^ inside 
the projective space of the proportionality classes of 5 x 21 matrices, so 
any infinitesimal deformation in U is obviously lifted to a linear pencil. 



Lemmas |4.1|, |4.2| imply that the Abel-Jacobi map $ has a 7- 



dimensional image in the 30-dimensional intermediate Jacobian </^(X) 
and 7-dimensional fibers. We can easily identify the irreducible com- 
ponents of the fiber. Indeed, by Proposition |3.4| , each C is contained 
in a P''' = F{H^{S)) C if{| ;^5. Any rationally connected variety is con- 
tracted by the Abel-Jacobi map, so each one of its fibers is a union of 
these P'^'s. As the dimension of the fiber is 7, the P^'s are irreducible 
components of the fiber. Being fibers of (p, the irreducible components 
do not meet each other, so they are in fact connected components. 
Thus we have proved the following theorem. 



Theorem 4.4. Let X be a generic quartic 3-fold. Let H^^ ^^ C H^ 
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he defined as in Proposition p^ , and $ : 5"^^ ^^5 — >J^(X) the Abel- 
Jacobi map. Then the dimension of any component of ^{H^ ^^) is 
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equal to 7 and the fibers of $ are the unions of finitely many disjoint 
7-dimensional projective spaces. The natural map tp : Mx — >J^{X), 
defined by ^ = ip o (p^ is quasi-finite and etale on Mx- 

We get immediately the following obvious corollary: 

Corollary 4.5. Every component of Mx has non-negative Kodaira di- 
mension. 
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